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Abstract
In this note, we generalize the various existing local and relative Nielsen type numbers to the set-
ting of maps of noncompact ANR-pairs. Then we introduce general classes of admissible maps for
which these numbers are well-defined. An application of these relative Nielsen numbers to differen-
tial equations is also given.
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1. Introduction
Lefschetz fixed point theory provides a useful topological technique for detecting fixed
points. Nielsen fixed point theory uses the notion of fixed point classes to give a lower
✩ This work was initiated during the second author’s visit to Olomouc, October 16–21, 2004. The visit was
supported by a grant from Bates College. The first author was supported by the Council of Czech Government
(MSM 619895214).
* Corresponding author.
E-mail addresses: andres@inf.upol.cz (J. Andres), pwong@bates.edu (P. Wong).0166-8641/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2005.07.005
1962 J. Andres, P. Wong / Topology and its Applications 153 (2006) 1961–1974bound for the cardinality of the fixed point set of a selfmap. Following the work of Brown
[8], Scholz [27] developed a Nielsen fixed point theory suitable for maps on noncompact
spaces, and even for noncompact maps, so that the theory may be applicable in nonlinear
analysis (for an alternative approach, see [19]). Multivalued maps were examined for the
same purpose in [3,6,7]. A similar local Nielsen theory for locally defined maps was de-
veloped by Fadell and Husseini [13]. Meanwhile, Schirmer [24], introduced a Nielsen type
number for maps of pairs of spaces. Subsequently, variants of the relative Nielsen number
of Schirmer were introduced and studied (see e.g. [26,16,21,28–31]). Most recently, Zhao
[32] gave a systematic definition for the relative Nielsen periodic point numbers (see [11,
17,20]). The computational aspects of some relative Nielsen numbers were treated in [9,
10,23]. The main objective of this paper is to extend Fadell–Husseini’s local Nielsen num-
ber to the relative setting, Schirmer’s relative Nielsen number to a local setting, and Zhao’s
definitions to maps of pairs of noncompact spaces following the approach of Scholz. We
illustrate, by applying the theory to differential equations, the necessity of such general
settings where the maps and spaces are not necessarily compact.
2. Local relative Nielsen theory
In [27], Scholz considered a class of metric ANRs (Absolute Neighborhood Retracts)
and maps such that a Lefschetz trace can be defined and the fixed point set is compact.
For our purposes, we do not require that the space X has finite-dimensional subspaces
in its rational homology groups for defining a Lefschetz trace. Moreover, U.K. Scholz
remarked that it was possible to define a local Nielsen number for maps f : cl(U) → X
where U is an open subset of an ANR X such that f is fixed point free on the boundary
of U and f is compactly fixed. Indeed, Fadell and Husseini [13] developed a local Nielsen
fixed point theory for compactly fixed maps defined on open subsets of ENRs (Euclidean
Neighborhood Retracts) using the index theory developed by Dold [12]. In this section,
we give a slight generalization of the local Nielsen theory of [13] by using an appropriate
index theory developed by Granas [14] for ANRs. We then define a local Nielsen number
generalizing both [24,13], and other local relative Nielsen type numbers.
Let U be an open subset in a metric ANR X. A map f :U → X is said to be admissible
if (i) f is compactly fixed, i.e., Fixf = {x ∈ U | f (x) = x} is compact in U , and (ii) there
exists an open subset W such that Fixf ⊂ W ⊂ cl(W) ⊂ U and f |W is compact. For any
admissible map f , the fixed point index is defined by
I (f ;U) := ind(f |W ;W),
where ind is the fixed point index given in [14], for compact maps.
If x, y ∈ Fixf , then x and y are said to be Nielsen equivalent with respect to f if there
exists a path C : [0,1] → U with C(0) = x,C(1) = y such that C is homotopic to f ◦ C
(C ∼ f ◦ C) in X relative to the endpoints. This equivalence relation partitions Fixf into
Nielsen classes. Since X is an ANR, it is uniformly locally contractible. It follows that
each Nielsen class is open in Fixf . Then the compactness of Fixf implies that there are
only finitely many such classes. A Nielsen class F is said to be essential if for any open set
W ⊂ U with F= W ∩ Fixf , the index I (f ;F) := I (f |W ;W) is nonzero. Then we define
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classes. Note that the definition of essentiality is independent of the choice of W . The
Nielsen number n(f ;U) reduces to that of [13] when X is an ENR.
It follows from [13] that n(f ;U) enjoys the usual properties as the local Nielsen number
of Fadell–Husseini. In particular, n(f ;U) is invariant under admissible homotopy and is a
lower bound for # Fixg for any g compactly fixed homotopic to f .
Now, we extend the relative Nielsen number of Schirmer [24] to our setting of admissi-
ble maps of pairs of ANRs. Let (U,V ) be a pair of open subsets of an ANR pair (X,A), i.e.,
U and V are open subsets of X and A, respectively. A map of the pairs f : (U,V ) → (X,A)
is admissible if f :U → X and f¯ := f |V :V → A are both admissible as described above.
Thus, n(f ;U) and n(f¯ ;V ) are well-defined. Following [24], a Nielsen class F of f is
said to be an essential common class if F is essential and F contains an essential Nielsen
class of f¯ . Denote by n(f, f¯ ;U,V ) the number of essential common classes. We define
the local relative Nielsen number to be
n(f ;U,V ) := n(f ;U) − n(f, f¯ ;U,V ) + n(f¯ ;V ). (2.1)
Next, we show that n(f ;U,V ) possesses the usual properties of the (local) Nielsen num-
ber.
A homotopy F : (U,V ) × [0,1] → (X,A) is admissible if the map F̂ : (U,V ) ×
[0,1] → (X,A) × [0,1] given by F̂ (x, t) = (F (x, t), t) is admissible. It follows that
F :U × [0,1] → X and F :V × [0,1] → A are both admissible homotopies.
Proposition 2.1. Let f : (U,V ) → (X,A) be an admissible map. Then
(i) n(f ;U,V ) 0, and
(ii) n(f ;U,V ) # Fixf .
Proof. (i) Since n(f ;U) n(f, f¯ ;U,V ) and n(f¯ ;V ) 0, it follows that n(f ;U,V )
0.
(ii) Let Ne denote the set of essential Nielsen classes of f and N e denote the set of
essential Nielsen classes of f¯ . Similarly, we let
A= {F ∈Ne | F does not contain a Nielsen class of f¯ };
B = {F ∈Ne | F does not contain an essential Nielsen class of f¯ }.
Then B \A is the set of essential Nielsen classes of f that contain an inessential Nielsen
class of f¯ . A Nielsen class of f¯ is contained in one and only one Nielsen class of f . Thus,
#(B\A) is less than or equal to the number of inessential Nielsen classes of f¯ . This implies
that #(B \A) + #N e  # Fix f¯ and so
#A+ #(B \A) + #N e  #A+ # Fix f¯ .
Note that if F ∈A then F must lie inside Fixf \ Fix f¯ and #B = n(f ;U)+n(f, f¯ ;U,V ).
Hence, we have
n(f ;U)− n(f, f¯ ;U,V ) + n(f¯ ;V ) # Fixf. 
Next, we show the homotopy invariance property of n(f ;U,V ).
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Then n(F0;U,V ) = n(F1;U,V ).
Proof. Since F :U × [0,1] → X and F = F |V :V × [0,1] → A are admissible homo-
topies, we have n(F0;U) = n(F1;U) and n(F 0;V ) = n(F 1;V ). It suffices to show that
n(F0,F 0;U,V ) = n(F1,F 1;U,V ). Consider the map F̂ : (U,V ) × [0,1] → (X,A) ×
[0,1] given by F̂ (x, t) = (F (x, t), t). Suppose F0 is an essential Nielsen class of F0 con-
taining an essential Nielsen class of F 0. There is an essential Nielsen class F1 of F1 so
that F0 is F -related to F1, i.e., for each x ∈ F0, there exists a y ∈ F1 and a path {γt } in U
such that γ0 = x, γ1 = y and {γt } ∼ {Ft(γt )} relative to endpoints. Since F is an admissible
homotopy, if F0 ⊂ F0 is an essential Nielsen class of F0 then F0 is F -related to some es-
sential Nielsen class F1 ⊂ F1. But F is the restriction of F , it follows that F1 ⊂ F1. Thus,
F1 is an essential Nielsen class of F1 that contains an essential Nielsen class of F 1. This
correspondence F0 ↔ F1 is a one-to-one correspondence and it completes the proof. 
In relative Nielsen theory, inessential or empty fixed point classes play an important
role. In order to describe these inessential classes, we make use of the covering space
approach of Nielsen theory. Since every Nielsen class lies in a connected component, we
may assume without loss of generality that both U and X are path connected. Since ANRs
are locally contractible, it follows that universal covers ηU : U˜ → U and ηX : X˜ → X exist.
Given an admissible map f :U → X, we fix a lift f˜ : U˜ → X˜ of f and i˜ : U˜ → X˜ a lift
of the inclusion i :U ↪→ X. Then following [13], if ηU(Coin(f˜ , i˜)) is non-empty then it
is a Nielsen class of f . Identifying π1U and π1X with CovηU and CovηX , the group of
deck transformations of ηU and of ηX , respectively, f˜ and i˜ induce group homomorphisms
ϕU , ιU : CovηU → CovηX such that for all σ ∈ CovηU ,
ιU (σ )i˜ = i˜σ and ϕU(σ )f˜ = f˜ σ.
In general, for any α ∈ CovηX , ηU(Coin(αf˜ , i˜)) is either empty or is a Nielsen class
corresponding to the Reidemeister class [α] of α. Here the Reidemeister classes are simply
the orbits of the action of CovηU on CovηX (or equivalently π1U on π1X) given by
σ · α 
→ ιU (σ )αϕU(σ )−1. (2.2)
There is an injective function ρ from the set of Nielsen classes of f to the Reidemeister
classes of f . Denote by R[ϕ7U , ιU ] the set of Reidemeister classes of f . Similarly, we
denote the set of Reidemeister classes of f¯ :V → A byR[ϕV , ιV ] and we have an injective
function ρ from the set of Nielsen classes of f¯ to R[ϕV , ιV ]. Since f ◦ iU,V = iX,A ◦ f¯
where iU,V :V → U and iX,A :A → X are the inclusions, we have a well-defined function
j(U,V ) :R[ϕU , ιU ] →R[ϕV , ιV ].
Definition 2.3. A Nielsen class F of f is said to be a weakly common Nielsen class if there
exists [σ ] ∈R[ϕV , ιV ] such that j(U,V )([σ ]) = ρ(F). In this case, F is said to contain a
fixed point class F (possibly empty) where ρ(F) = [σ ]. Thus, F may be a weakly common
class while F ∩ V = ∅. Following Zhao [28], we define the number of essential weakly
common classes to be E(f, f¯ ;U,V ) = #E(f, f¯ ;U,V ) where
E(f, f¯ ;U,V ) := {F | I (f ;F) = 0 and F is a weakly common class}.
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n(f, f¯ ;U,V ) = #{F ∈ E(f, f¯ ;U,V ) | ρ(F) = j(U,V )([σ ]), for some [σ ],
I (f¯ ;F) = 0, where ρ(F) = [σ ]}.
Here, ρ denotes the injection from the set of Nielsen classes of f¯ to the set of Reidemeister
classes of f¯ .
Definition 2.4. Given an admissible map f : (U,V ) → (X,A), the relative local Nielsen
number on the complement is defined to be
n(f ;U − V ) := n(f ;U)− E(f, f¯ ;U,V ). (2.3)
Proposition 2.5. The number n(f ;U − V ) is a homotopy invariant and n(f ;U − V ) 
# Fixf ∩ (U \ V ).
Proof. The homotopy invariance of n(f ;U − V ) follows from the homotopy invariance
of E(f, f¯ ;U,V ). Note that a weakly common class is related to a weakly common class
under homotopy and
n(f ;U − V ) = #{F | I (f ;F) = 0 and ρ(F) /∈ Imj(U,V )}.
Suppose F is an essential Nielsen class of f which is not weakly common. If x ∈ F∩V then
x belongs to some Nielsen class F of f . In this case, j(U,V )(ρ(F)) = ρ(F), a contradiction.
Hence, F∩ V = ∅. This implies that n(f ;U − V ) # Fixf ∩ (U \ V ). 
The relative Nielsen number on the closure of the complement was introduced by
Schirmer [25] to give a homotopy lower bound for the number of fixed points of a map
f : (X,A) → (X,A) on X \ A, the closure of the complement X \ A. One can generalize
this to our setting as follows.
Let f : (U,V ) → (X,A) be an admissible map. A Nielsen class F of f :U → X does
not assume its index in V if I (f ;F) = I (f¯ ;F ∩ V ). Since f¯ :V → A is admissible,
Fix f¯ = Fixf ∩ V is compact in V . Thus, F∩ V is compact and F∩ V = F1 unionsq · · · unionsq Fk is
a finite disjoint union of Nielsen classes of f¯ . Thus, I (f¯ ;F ∩ V ) =∑i I (f¯ ;Fi ) is well-
defined.
Definition 2.6. The local relative Nielsen number on the closure of the complement is
given by
n(f ;U − V ) := #{F | F does not assume its index in V }. (2.4)
Proposition 2.7. The number n(f ;U − V ) is invariant under admissible relative homo-
topy and is a lower bound for #(Fixf ∩ U \ V ).
Proof. Let F be a Nielsen class of f that does not assume its index in V . Suppose g ∼H f
via an admissible relative homotopy H . Then there is a unique Nielsen class G of g that is
H -related to F so that I (f ;F) = I (g;G). Suppose F∩V = F1 unionsq · · · unionsqFk where each Fi is
a Nielsen class of f¯ in V . Under the homotopy H , Fi is related to some Nielsen class Gi
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G also does not assume its index in V .
Next, we show that n(f ;U − V )  #(Fixf ∩ U \ V ). Again, let F be a Nielsen class
that does not assume its index in V , i.e., I (f ;F) = I (f¯ ;F∩ V ).
Case I: If F ∩ V = ∅ then I (f ;F) = 0 and so F is essential. Since F is compact and
F∩ V = ∅, F⊂ U \ V which then implies that F⊂ (Fixf ∩ U \ V ).
Case II: Suppose F∩V = ∅. If F⊂ V then, since V is open, we would have I (f¯ ;F) =
I (f ;F), contradicting our assumption on F. Thus, F ∩ (U \ V ) = ∅ and so F ⊂ (Fixf ∩
U \ V ).
Since Fixf is partitioned into Nielsen classes, it follows from either Case I or II that
n(f ;U − V ) #(Fixf ∩ U \ V ). 
It is clear that when U = X,V = A and (X,A) is a compact ANR pair, n(f ;U − V )
reduces to the relative Nielsen number of f on the closure of the complement of Schirmer’s
[25] (cf. also [26]).
Remark 2.8. All the definitions above hold even when U or V is not connected. Moreover,
the Nielsen type numbers defined in this section have the commutativity property which
follows from the commutativity property of the fixed point index.
3. Relative periodic point theory
In this section, we generalize various existing Nielsen type periodic point numbers to
selfmaps of pairs of noncompact spaces following our discussion in the last section and
of [27].
An important concept in periodic point theory is that of reducibility. A periodic point
of least period n may be reducible to a lower period m where m|n even if the map has no
periodic points of period m. This phenomenon is similar to that in relative Nielsen theory
where a fixed point in the complement X \ A may be Nielsen equivalent to or can be
coalesced with an empty fixed point (or class) in A. Thus the notion of reducibility must
be defined algebraically using the similar notion of containment as in Definition 2.3 in
relative Nielsen theory.
Let f : (X,A) → (X,A) be a selfmap of a pair of ANRs and let n be a positive integer.
Then f is said to be n-admissible if f n : (X,A) → (X,A) is admissible in the sense of
the last section. Here f n = f ◦ · · · ◦ f denotes the nth iterate of f . Suppose for simplicity
that X and A are both path-connected. The maps f :X → X and f¯ = f |A induce group
homomorphisms ϕ and ϕ on the respective fundamental groups. Similar to the action (2.2),
we have two actions of π1X on π1X and π1A on π1A given by
σ · α 
→ σαϕ(σ )−1, σ¯ · α¯ 
→ σ¯ α¯ϕ(σ¯ )−1
where σ,α ∈ π1X and σ¯ , α¯ ∈ π1A.
The orbits of these actions are the Reidemeister classes of f and of f¯ , respectively.
Following the notation of [32,22], we write these sets of Reidemeister classes as FPC(f n)
and FPC(f¯ n), respectively, and we shall write iFPC : FPC(f¯ n) → FPC(f n) for j(X,A).
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any α ∈ π1X,
ιm,n
([α]m)= [αϕm(α)ϕ2m(α) · · ·ϕn−m(α)]n,
where [ · ]k denotes a class in FPC(f k), and ϕk is induced by f k . A straightforward com-
putation shows that ιm,n is well-defined. Similarly, there is a function ιm,n : FPC(f¯ m) →
FPC(f¯ n).
Definition 3.1. A homotopy Ht : (X,A) → (X,A) is n-admissible if Hnt is an admissible
homotopy.
It is clear that for any k|n, if f is n-admissible then f is also k-admissible.
Proposition 3.2. Let Ht : (X,A) → (X,A) be an n-admissible homotopy. Then I (Hn0 ;X)
= I (Hn1 ;X) and I (Hn0;A) = I (Hn1;A).
Suppose f : (X,A) → (X,A) is an n-admissible map. Let F ∈ FPC(f¯ n) unionsq FPC(f n)
and G ∈ FPC(f¯ m) unionsq FPC(f m) where m|n. The class F is said to be pseudo-reducible to
G if one of the following conditions is satisfied:
(1) F ∈ FPC(f¯ n),G ∈ FPC(f¯ m) and im,n(G) = F;
(2) F ∈ FPC(f n),G ∈ FPC(f m) and im,n(G) = F;
(3) F ∈ FPC(f n),G ∈ FPC(f¯ m) and im,n(iFPC(G)) = F.









This commutative diagram, in turn, induces a function
fFPC : FPC(f n) → FPC(f n).










Using fFPC and f¯FPC , we obtain two equivalence relations on FPC(f n) and FPC(f¯ n)
via [α]n ∼ fFPC([α]n) and [α¯]n ∼ fFPC([α¯]n), respectively. We denote the respective sets
of equivalence classes by Orbn(f ) and by Orbn(f¯ ), called the n-orbit classes of f and of
f¯ , respectively. It is easy to see that pseudo-reducibility can be extended to elements of
Orbn(f ) and Orbn(f¯ ).
The following definition is due to Zhao [32]. Let ıFPC : Orbn(f¯ ) → Orbn(f ) be the
function induced by iFPC and let On = Orbn(f ) unionsq Orbn(f¯ ).
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S if every n-orbit class in S is pseudo-reducible to at least one element of R. The height
h(S) of S is the sum of the periods of all elements of S. Let
mh(S) := min{h(R) | R is a representative of S}.
Let n be a positive integer, f : (X,A) → (X,A) be an n-admissible map. We define
NPn(f ;X,A) = mh
({α ∈On | α is irreducible and essential}),





Om | α is essential
})
,
NPn(f ;X − A) = mh
({




α is irreducible and essential
})
,






Orbn(f ) \ ıFPC
(
Orbn(f¯ )
)) | α is essential}).
By the definition and because of the properties of these maps defined in [32] for compact
X, these numbers are lower estimates for the number of periodic points of minimal and
not necessarily minimal order on the total space and on the complement, respectively.
Moreover, the homotopy invariance and commutativity properties hold for them.
To extend the definitions of the two new Nielsen type numbers for periodic points,
introduced by Zhao [32], we recall that a Reidemeister class (or fixed point class) [α]n of
f n does not assume its index in A if
I
(
f¯ n;F∩ A) = I(f¯ n;F′ ∩ A),
where ρ(F) = α and ρ(F′) = fFPC(α). Thus the notion of assuming index in A can be
extended to orbit classes. We let Dn(f ;X,A) be the set of n-orbit classes in Orbn(f ) that
do not assume their indices in A and Dirrn (f ;X,A) be the set of irreducible elements of
Dn(f ;X,A). Following [32], we let, for any n-admissible map f : (X,A) → (X,A),













With our setting, the basic properties of these Nielsen type numbers hold true. The proof
of the following result follows from the results of [32].
Theorem 3.4. Given an n-admissible map
f : (X,A) → (X,A),
NPn(f ;X − A) is a lower bound for periodic points of least period n on X \ A and
NΦn(f ;X − A) is a lower bound for # Fixf n on X \ A. Furthermore, (n-admissible)
homotopy invariance and commutativity properties hold for NPn(f ;X − A) and for
NΦn(f ;X − A).
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it is not clear how ιm,n and fFPC can be defined. More precisely, given a map f :U → X
and a positive integer n, let f 1 = f and f n(v) = f n−1(f (v)), for n > 1, where v ∈ Un,
and Un = f−1(Un−1). The Reidemeister classes are orbits of the action of π1(Un) on π1X
and the difference between π1Un and π1X is where the difficulty of defining im,n and fFPC
lies.
Remark 3.6. Despite the difficulties stated in Remark 3.5, some possibilities are indicated
for computation of the Nielsen numbers for periodic points on nonconnected spaces in
[18]. For instance, if X = R2 and A consists of m disjoint disks, where m  2, then the
closure of the complement R2 \ A has the homotopy type of a m-punctured disk whose
fundamental group is isomorphic to the free group on m generators. In this case, the Nielsen
periodic point theory restricted to A and on the complement can be quite complicated, but
techniques from [18,20] may be employed.
4. Classes of admissible maps
All the above results were obtained for (n-)admissible maps and homotopies. Let us
recall that f : (U,V ) → (X,A) is admissible if both f :U → X and f¯ := f |V :V → A
are admissible, i.e.,
(i) they are compactly fixed,
(ii) there exists an open subset, containing the set of fixed points, whose closure is con-
tained in the domain of the given map such that its restriction to it is compact.
Furthermore, f : (X,A) → (X,A) is n-admissible if f n : (X,A) → (X,A) is admissible
in the above sense.
Hence, it is natural to ask which classes of self-maps enjoy the admissibility property.
Some classes of admissible maps were already mentioned in [27]. Nevertheless, one can
readily check that the following definition of compact absorbing contractions (CAC), due
to Fournier and Górniewicz (cf. [1]), reflects our needs in a sufficiently general way. The
CAC-maps will be for us the most important class of admissible maps in the above sense.
Before we introduce the notion of CAC-maps, we shall recall some further definitions.
All spaces will be assumed at least metric and all maps at least continuous.
Definition 4.1. A continuous map f :X → Y is called compact if the set f (X) =⋃
x∈X f (x) is contained in a compact subset of Y .
We let
K(X,Y ) = {f :X → Y | f is compact};
if X = Y , then we write K(X) for K(X,X).
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an open neighborhood Ux of x in X such that the restriction: f |Ux :Ux → Y of f to Ux is
a compact map.
Observe that if X is a locally compact space, then any continuous map f :X → Y is
locally compact. Obviously, any compact map is locally compact. We let
Kloc(X,Y ) = {f :X → Y | f is locally compact}
and Kloc(X) =Kloc(X,X). We have:
K(X,Y ) ⊂Kloc(X,Y ).
Definition 4.3. A map f :X → X is called eventually compact if there exists n such that
the nth iteration f n :X → X of f is a compact map.
We let
E(X) = {f :X → X | f is eventually compact}.
We have:
K(X) ⊂ E(X).
Definition 4.4. A map f :X → X is called asymptotically compact if, for each x ∈ X, the
orbit
⋃∞
n=1 f n(x) is contained in a compact subset of X, and the center, sometimes also
called the core, Cf =⋂∞n=1 f n(X), of f is nonempty and contained in a compact subset
of X.
We let
ASC(X) = {f :X → X | f is asymptotically compact}.
Definition 4.5. A map f :X → X is called a compact attraction if there exists a compact
set K ⊂ X such that, for every open neighborhood W of K in X and, for every x ∈ X,
there exists n = nx such that f m(x) ⊂ W , for every m n; then K is called the attractor
of f .
We let
CA(X) = {f :X → X | f is a compact attraction}.
Definition 4.6. A map f :X → X is called a compact absorbing contraction if there exists
an open set W ⊂ X such that f (W) ⊂ W and the map f¯ := f |W : W → W is compact
and, for every x ∈ X, there exists n = nx such that f n(x) ⊂ W .
We let
CAC(X) = {f :X → X | f is a compact absorbing contraction}.
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the following hierarchy holds for the classes of admissible maps (see [1, p. 77]):
K(X) ⊂ EC0(X) ⊂ASC0(X) ⊂CA0(X) ⊂CAC(X). (4.2)
Moreover, all the above inclusions are proper (see [1, pp. 77–78]).
Remark 4.7. A compact set K ⊂ X is an attractor in the sense of R.D. Nussbaum if,
for every x ∈ X, we have O(x) ∩ K = ∅, where O(x) denotes the closure of the orbit
O(x) = {x,f (x), . . . , f n(x), . . .} in X. If f :X → X is locally compact, then it is well
known (see, e.g. [15, Theorem 6.5 in Chapter V.15.6]) that the existence of an attractor in
the sense of Nussbaum implies f ∈ CAC(X) ∩Kloc(X), and subsequently that such f is
admissible.
Remark 4.8. According to (4.1) and (4.2), it is obvious that
CA0(X) =CAC(X) ∩Kloc(X).
So, in view of Remark 4.7, the existence of a compact attractor in the sense of Nussbaum,
for a locally compact map f :X → X, also means that f ∈CA0(X).
It is an open question whether CA-maps, which are not necessarily locally compact, are
admissible in the above sense.
5. Applications
As a simple example of the application of the above theory, let us consider the system
of ordinary differential equations
x′ = F(t, x), F (t, x) ≡ F(t + τ, x), τ > 0, (5.1)
where F : [0, τ ] × Rn → Rn is a Carathéodory function, i.e., F(· , x) is measurable, for
every x ∈ Rn, and F(t, ·) is continuous, for almost all t ∈ [0, τ ]. Assuming, furthermore,
that system (5.1) satisfies a uniqueness condition and that the (Carathéodory) locally ab-
solutely continuous solutions x(·) of (5.1) exist on the whole line, we can define the
Poincaré translation operator Tτ :Rn →Rn along the trajectories of system (5.1) as
Tτ (x0) :=
{
x(τ) | x(·) is a solution of (5.1) with x(0) = x0
}
, (5.2)
where x0 ∈Rn and τ > 0 is a given number.
1972 J. Andres, P. Wong / Topology and its Applications 153 (2006) 1961–1974This operator is well known (see, e.g. [1]) to be completely continuous and to have the
property T kτ (x0) = Tkτ (x0), where T kτ denotes the kth iterate of Tτ defined in (5.2).
Suppose that the system (5.1) is dissipative in the sense of N. Levinson, i.e., there exists




holds, for every solution x(·) of (5.1), i.e.,
lim sup
k→∞
∣∣T kτ (x0)∣∣< D, (5.4)
for every x0 ∈Rn, where Tτ is defined in (5.2).
Then, in view of Remark 4.8, one can readily check that T kτ ∈ CA0(Rn), and so
Tτ :R
n → Rn is k-admissible, for every k ∈ N. Hence, if Tτ |A :A → A still holds, where
A ⊂ Rn is a compact ENR-space (observe that, in view of (5.3) and the invariance of A,
it must be the case that A ∩ {x ∈ Rn | |x| < D} = ∅), and subsequently Tτ |A ∈ K(A), we
have the well-defined k-admissible map Tτ : (Rn,A) → (Rn,A), for every k ∈N.
Applying the above conclusions to this k-admissible Tτ , we have
Theorem 5.1. Assume that F : [0, τ ] × Rn → Rn is a Carathéodory function such that
a uniqueness condition is satisfied and that all solutions x(·) of (5.1) exist on the whole
line (−∞,∞). Assume, furthermore, that the system (5.1) is dissipative, i.e. that (5.3)
respectively (5.4) holds, for all solutions x(·) of (5.1), and that a compact, path-connected
ENR-subset A ⊂ Rn exists such that x(τ) ∈ A holds, for every solution x(·) of (5.1) with
x(0) ∈ A.
Then system (5.1) admits at least NPk(Tτ ;Rn,A) solutions x(·) with x(0) = x(kτ) ∈
K0 := {x ∈ Rn | |x| < D} and x(0) = x(jτ), for k > j ∈ N, and NΦk(Tτ ,Rn,A) so-
lutions x(·) with x(0) = x(kτ) ∈ K0. Furthermore, the system (5.1) admits at least
NPk(Tτ ;Rn − A) solutions x(·) with x(0) = x(kτ) ∈ K0 \ A and x(0) = x(jτ), for
k > j ∈ N, and NΦk(Tτ ,Rn − A) solutions x(·) with x(0) = x(kτ) ∈ K0 \ A. More-
over, system (5.1) admits at least NPk(Tτ ;Rn − A) solutions x(·) with x(0) = x(kτ) ∈
K0 \ intA and x(0) = x(jτ), for k > j ∈ N, and NΦk(Tτ ;Rn − A) solutions x(·) with
x(0) = x(kτ) ∈ K0 \ intA.
In particular, for k = 1, we have (cf. Remark 2.8)
Corollary 5.2. Let the assumptions of Corollary 5.1 be satisfied, but A need not be path-
connected. Then the system (5.1) admits at least n(Tτ ;Rn,A) solutions x(·) with x(0) =
x(τ) ∈ K0, n(Tτ ;Rn − A) solutions x(·) with x(0) = x(τ) ∈ K0 \ A, and n(Tτ ;Rn − A)
solutions x(·) with x(0) = x(τ) ∈ K0 \ intA.
Remark 5.1. Theorem 5.1 and Corollary 5.2 provide the lower estimate of the number of
kτ -periodic solutions of minimal or not necessarily minimal order, starting in K0 := {x ∈
R
n | |x| < D} or in K0 \ A or in K0 \ intA, respectively.
Remark 5.2. Although T kτ :Rn →Rn is homotopic to the identity, this homotopy is not ad-
missible, because Fix(id|Rn) is not compact. Moreover, the computation of some of these
J. Andres, P. Wong / Topology and its Applications 153 (2006) 1961–1974 1973Nielsen numbers in Theorem 5.1 and Corollary 5.2 need not be trivial, because the fun-
damental group π1(A) can be rather complicated. For disconnected A, cf. Remark 3.6.
If H :Rn → Rn is a continuous map such that H|A :A → A and H|K0 :K0 → K0, where
K0 := {x ∈ Rn | |x| < D}, then all the Nielsen numbers under consideration can also be
defined for H ◦ Tτ : (Rn,A) → (Rn,A). Their computation can be nontrivial even when A
is a nilmanifold on which the Anosov theorem holds (cf. [1, Chapter III.6]). On the other
hand, because of dissipativity, only the relative Nielsen numbers on the total space (pair)
as defined in (2.1) can be different from 0 or 1.
Remark 5.3. In the absence of uniqueness for (5.1), the Poincaré translation operator Tτ
defined in (5.2) becomes multivalued. In [1–5], we developed various Nielsen fixed and
periodic theories for multivalued maps, except for a relative Nielsen theory for periodic
points. In [1–5], the results were applied to nonuniquely solvable differential equations and
inclusions. It would be also desirable to develop multivalued versions of relative Nielsen
theories for periodic points which would again be applicable to differential equations and
inclusions.
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